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Abstract. In this report the Rosenbrock formulae are considered. These formulae are particularly suited
for the integration of stiff differential systems such as the ones arising from reaction kinetics combustion
modeling.

The numerical techniques for the analysis of the A-stability and of the L-stability of a third order Rosen-
brock formula are reported.
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1 Introduction and notations

Let us consider the initial value problem in autonomous form described by m differential equations
u'(t) = flu(t)  t>to, (1)

subject by the given conditions
U(to) = Ugp. (2)

The g—stage semi-implicit Runge-Kutta methods introduced by Rosenbrock in [26] for the computation
of the approximation w,, of the solution u(t,) at the point ¢, of (1)—(2), has the form (e.g., [20, p. 247])

q
un+1 :un+hZCjKja (3)
j=1

where h is the step length (¢,11 =t, + h) and

K, = f(uy)+aihJ(u,)Ky;

K, = f(un + hb21K1) + OéQhJ('U," + hﬁmKl)KQ;

K; = f(uy+hb3i K1+ hbso Ko) + ashd(u, + hB31 K1 + f32K2)Ks; (4)
g—1 g—1

K, = flun+h) bgiK)+aght(u, +hY  BuKi)K,.
i=1 i=1

Here J(u,,) is the Jacobian matrix evaluated at w,. The method described by the formulae (3)—(4) is
even called Rosenbrock method (procedure) or Runge-Kutta-Rosenbrock method.! Formulae (3)—(4) are
called Rosenbrock formulae.

We remind some notations that are used in the following.
The Jacobian matrix evaluated at w = w(t) is defined as

5o (w) ol (u)
J(u) = : : :
O () .. Slm(y)

the gradient of the function f;, i =1,...,m, at u is

i (w)
Vii(u) = : )
s (w)
and the Hessian matrix of f;, i = 1,...,m, at w is
SEW) e g ()
Gt (u) .. guf (u)

The Taylor expansions in several variables of the function f;, i = 1,...,m, at u+ v with respect to w, are

fitu+v) = fi(u) + Vfi(u) v+ %vTHi(u)v + ... (5)

IRosenbrock in [26] call these formulae implicit processes.



Thus by Kronecker product definition (e.g., [24, p. 236]), for all the components of the vector f we have

. Hy(u)
f(u+v):f(u)+J(u)v+§(I®vT) v+ ..
H,(u)
Here I is the identity matrix of order m. Thus, setting?
Hy(u)
Hwu) = (Tov" )| |, (6)
Hyp (u)
we obtain 1
flu+v) :f(u)+J(u)v+§H(v,u)v+... (7)

The Taylor expansions in several variables of the derivatives of f;, i = 1,...,m, at u + v with respect to
u, are

Of; of; 0 af; 0 ofi 0 0fi
31{1 (ut+v) = 81{1(11)—1—8—1“ (81{1 (u)) vl—l—a—uQ (81{1 (u)) vg—i—...—i—% (31{1 (u)) U + -

Mwro) = L (2w o e (2w ) et g () )+

Ou,y, Ouyy, Ouy \ Ou,, Oug \ Ouyy, O, \ Oy,
then,
Ju+v) = Ju)+
9 9 8 9
% (%(u)) vl + .+ auam (#ji(u)) U e % ((,)ufjn (u)) vl + e+ 85m (85; (u)) U
+ : -
d Ofm 9 Afm 1é) Ofm e} Ofm
oo (@) vt ot 52 (@) om o 2 (@) o+ 52 (52 ) vm
% f1 2°f % f1 %f
ou? (wvr + .. + Auym duy (Wvm .. Ou1dum (wvr + .. + ou2, (w)vm
= J(u)+ : : + ..
9% fm (wvr + .. + 0% frm (uw)v 9% fm (w)vy + ... + 9% fm (uw)v
u2 LH T Gupou ™ot urdum LT Bz, m

Thus by Kronecker product definition, we can write

Hi(u)
Ju+v)=Ju) +( Iov") : + ...
Hpy(u)
and by the definition (6), we can write
J(u+wv)=Ju)+ H(v,u)+ ... (8)
2We observe that for any vectors u, v and ¥ of m components and any real scalars a and 3 we have
H(ov +Bo,u) = aH(v,u)+ BH(®,u);
Hy(av +po,u) = oaoHy(v,u)+ BHu (D, u).



By omitting the point of evaluation of the functions, we have the following notations for higher order

derivatives of u.
For the second derivatives of u we have

d d d
uf h 3511 urt .t a1f1 U, (’Tﬁfl +ot auf:n fm
Afm fm Afm 9fm
u{fil %f’m f 'LL1+ -+ Bu um 3J;1f + . + f fm
r_(d d T
Here, we can denote f' = (3 f1, ..., 3;.fm)
For the third order derivatives we have,
" W =4 (80 p) ++ & (Bfm) =
n — [—.
"
U u = & () ot (Y fin) =
_ o (of 8 (af af of —
= gy (GEr) w4 ot 52 (B ) w8 (P ) s ot 5 (G P ) i =
8fm 8 fm & fm _
= o2 () ul o+ 52 (B ) ot 52 (B fn ) v+ 52 (8 ) iy =
2 2 2
= (G B2 ) ot o (i B E) St ot (it B 58) 1t (St
o* I dfm Of 3 fm dfm Of 9 fm dfm dfm % fm
7( fi+ Ouq ﬁ) f1+"'+(8um8u1f +8um 8u:n)fm+ (Bulaumfm—’—aum Bul)f1+"'+(8u%l
Then, we have
2’ 2’f1
Bu% Ou1Oum fl
n .
W = (fh fm) : : : +
62f1 82fl
Oy Our ou2, fm
of1 9f1 f
Ouq O 1
Of1 Of : .
+ ( Bur Bt ) : : :
8fm, 8fm f
ouq OUm m
% fm 0% fm
Buf Ou1O0Um fl
n .
Uy = ( N fm ) : : : +
a2f/m, azf”m
Dty DUy ou2, Jm
of1 Of
Ouq Oum, J1
(8 )| : :
Ofm O fm f
Ouq OUm, m

that is, by omitting the dependency of the evaluation point u of H;, for i =1, ...,
w' = fTHf + VI,

m, we can write

9)

Of1

Ofm )

OUyy Oum

fm +

(

Ofm
Oum

(10)

Jm

) fm



Thus by Kronecker product definition and by (6) we can write

H,y
u" =(Ixf" )| 1 | F+IF=Hf+ I, (11)
Hy,
where we used the definition in (6).3

Finally, we keep in mind the Taylor expansion of wu(t) at t = t,41 with respect to t = t,; for sake
of simplicity of notation, we denote u = u(t,), f = f(u(tn)), J = J(u(tn)), H; = H;(u(t,)) and
H(f) = H(f(u(tn)),u(ty)). Then, from (1), (9) and (11), we have

h2
U(tnt1) =u+hf+ ?Jf‘F

o| %

(H(f)f + T f) + O(h*). (12)

3From (6), we have

Hi(u)
H(f)zH(f,u):(me)[ : ]
Hp(uw)



2 Two- and three-stage semi-implicit Runge-Kutta methods of
order three

Let us consider the Rosenbrock procedure (3)—(4) with ¢ = 2 and ¢ = 3. From (4) we can write?

K, = (I—-ahJu,))  flu,);
K, (I — aghJ(u, + hB21 K1)~ flu, + hba1 K1);
K3 (I — Oéth(Un + hﬁglKl + ﬁgQKQ))_lf(un + hbglKl + hb32K2)

For h sufficiently small, we can apply Neumann Lemma (e.g., [23, p. 26]) and we have

(I —ahJ(v)™ =T+ Z(ahJ(v))i. (13)
i=1
Thus,
K, = (I-a1hJ(u,))  f(un)
= ([ + Oéth(’U,n) + Oé?hQJ(un)Q + O(h3)>.f(un)
Fun) + arhd (un) f (wn) + ah?J (wn)? f (un) + O(h%). (14)
From (7) for f(u, + hbe; K1) and from the expression of K in (14), we have
Ky = (I—oashJ(un+hB21K1))" " f(un + hbo1 K1)

2 2
= (I —ashJ(u, +hfnK;))™* (f(un) + hboyJ (un) K1 + %H(Kl,un)m + O(h3)>

= (I-a2hJ(un,+ hﬁmKl))_l(f(un) + hba1J (wn) f (un) +

2 (b1 T () (an) + 2L () ) 1) | + O(H)),

From (8) and the expression of K in (14), we write

J(un + hﬂ21K1) = J(un) + hBQIH(Kh un) + O(h2)
= J(un) + hﬂQlH(f(un)a un) + O(h2)a

and the equality in (13) yields
(I - ath(un + hﬂglKl))_l

I+ ath(un + hﬁglKl) + a%hQJ(un + hﬁglKl)Q + O(hg)
= 1 + a2hJ(un) + a2h2521H(f(un), un) + aghgj(un)2 + O(h‘3)
Then, we have
K> = (I+axhJ(un)+ azh®Bar H(f(un), un) + a3h® J(un)? + O(h?)) x
o (1) 4 B ) )+ [ ) 4 B2 ), ) )| 00

= f(un) +hlbar + 2] J(un) f(un) +

0 (a4 a0) + 0D () + (2 + ana) H(F ) flun)] +000). (15)

Analogously, from (7) for f(u, + hbs1 K1 + hbsa K2) and by using the expressions of K1 and K in (14)
and (15) respectively, and, in addition, from the Neumann Lemma (13) with the expressions (14) and
(15) again, we can write
Ks = f(un)+h[bs1 + bs2 + as] J(un) f(un) +
+h? {b31061 + baz(ba1 + a2) + a3 + az(bz + 062)] J(un)Qf(un) +

+h? %(bSI +b32)” + az(Bar + Ba2) | H(S (wn), wn) f(un) + O(h?). (16)

4By inversion of a matrix we do not mean the actual matrix inversion. What is required is the solution of a system of
algebraic linear equations that can be realized by factorization methods or by iterative methods.



By substituting the expression (14) of K and (15) of K5 in the method (3) we obtain for ¢ = 2
Unt1 = Un + hé1Fun) + hQéQJ(un)f(un) +hr® [égJ(un)2f(un) + é4H(f(un),un)f(un)] + O(h4)7 (17)

where the coefficients €1, €, €3 and é4 have the expressions

€1 = c1+c;

ég = co1 + Cz(bgl + 042); (18)
€3 = c105 + caboi(a + az) + c203;

~ C21’%1

ey = 5 + cp02821;

and, for ¢ = 3
Uni1 = Un + her f(un) + h2ead (un) f(un) + h* [es] (n)” f(un) + eaH (f(un), wn) f(un)] + O(hY),  (19)

where the coefficients ey, es, e3 and ey have the expressions

e = c¢1+ce2+cs;
ea = crai+ ca(bar + a2) + c3(bsi + b32 + a3); (20)
ez = 0104% + cobar (o1 + a2) + 02043 + cabgiar + cgbza(bar + a2) + 030452:, + czas(ba1 + az);
cob2 C
es = 2221 + coafBa1 + 53(1731 +b32)? + czaz(Bs1 + Bsz).

In order that the two-stage Runge-Kutta method (3)—(4) (with ¢ = 2) has order three, we have to compare
(17) with (12); then the coeflicients in (18) should satisfy the conditions

e1=1;, eé=-; eé3=—; é1=—. (21)

Two-stage, third order semi-implicit Runge-Kutta schemes that have enjoyed great popularity are Rosen-
brock’s formula ([26]) where the coefficients are

V6 V6 —6 — V6 + /58 + 206

-1 . -1 Y. boy = = ~ (0.17378667;
(051 + 6 Q2 6 21 = fo1 61 2v6 ;
V6 |1
7_*_ =
6 2
Co = ——"— 61:1*027
28 b

and Calahan’s formula ([14]) where the coefficients are

_3+V3, 2

3
a1 = g 5 b21:_ﬁ§ B21 = 05 €= cp =

e~ =

Analogously, by comparing (19) with (12), the three-stage Runge-Kutta method (3)—(4) (with ¢ = 3) has

order three if we choose 1 1 1
e1 =1; ez = 3 63:6; 64:6. (22)

In the next three sections the stability of two- and three-stage semi-implicit Runge-Kutta methods of
order three is analysed.



3 A-stability for two-stage semi-implicit Runge-Kutta methods
of order three

Now we wish to study the stability of the Rosenbrock procedure (3)—(4) when ¢ = 2.

We recall that a method is called A-stable if and only if |upt1/un| = |R(2)| < 1, z = hA, when the
method is applied with any positive step size h to the scalar equation u'(t) = Au(t), where X is a complex
constant with non positive real part, i.e., R(z) <0 (e.g., [18, p. T4]).

The term R(z) is called the stability function.

Furthermore, a method is called L-stable if it is A-stable and |R(z)| — 0 as z — —oo (e.g., [20, p. 237]).
Let us consider the two-stage semi-implicit Runge-Kutta method (3)—(4) applied to the scalar equation

o' (t) = Au(t). (23)

Here, m = 1. We have,
Upt1 = Up + her Ky + hea Ko,
with
AUy, /\(un + hb21K1) hA2
Gl —, =—" = = | Aup + by —m——u, 1 — ash)),
1— arhA’ 1— ashh tn +bar g gstn | /(1= azhd)

differently written,

K

K = n; Ko = 1 boy — -
' 17&12“ ? (170412)(170422)( + (b2r — ar)z)u
and then,
Unp41 z 2(1+ (bay — 1)2)
—_ — 1
n R B T ¢

(24)
1+ (c1+c2 — (1 + a2))z + (a1ag — crag — caay + caboy )22
1— (a1 4+ ag)z + ayasz? '

In order that the two-stage semi-implicit Runge-Kutta method has order three, conditions (21) should
be satisfied. For the problem (23), the formula (17) becomes

Unt1 = Up + hAE U, + B2N2Eou,, + B [NPE3u, + 0 - &4] + O(R?),

and conditions (18) and (21) are

c1+co =1, (25)
1
coboy = 5 T C10 — Ca; (26)
2 2 1 1 1 1
craf + coboi (on + ag) + co0; = 6 = 5oz )ort |5 o fax= 5

The last (third) equation can be written
(1 +az) 1 (27)
—(a1 + az) — arag = =.
5la1+ 102 = &
By using (25) and (26), the coefficient of 22 of the numerator in the last expression of (24) can be written
1
Q10 — €10 — CaQv] + 62b21 = q10ig — C1Qg — C20¢1 + 5 — C11 — Caxg =

1 1
=ajag —c1(ag + ag) — eo(ag + ) + 5 =z — (a1 + ag) + 3



Then,
P(z) 1+ (11— (a1+a2))z+ (a1o2 — (g + a2) + 3)22

Unp+1 _ R(Z) _
Uy, Q(z) 1— (a1 + a2)z + ajagz?

For sufficiently small values of z, from the infinite geometric series, we have

Un+1 _
Un

14+ (1= (01 +a2))z+ (1az — (o1 + az2) + %)zQ] [1+4 ((a1 + a2)z — ara2z?)+

+((a1 + a2)z + a1022?)? + (1 + a2)z + a1a22”)® + ..]

= {1 + (1= (a1 +a2))z + (@102 — (1 + a2) + %)zQ] [1+4 (a1 +a2)z + (a1 + a2)® — ara2)2”+

+((a1 + a2)® — 2a10a(a1 + a2))2” + O(z")]
= 1+ (a1 4+a2)z+ (a1 + a2)® —a1a2)2” + ((a1 + a2)® = 20102 (0 + a2))2” +
+(1 = (a1 +a2))z + (1 — (a1 + a2)) (a1 + a2)z + (1 — (a1 + a2))((a1 + a2)® — ara2)z® +

1 1
+Haraz — (o1 +az2) + §)Z2 + (araz — (o1 +a2) + 5)(041 + a2)2® + 0(z")

1 1
= 142+ 522 + (§(a1 +a2) — aiaz2)2’ + O(2").

From (27), we have

Un+1 1 2 1 3 4
— =1 - - O .
" MR-t (%)
that is the stability function R(z) of the method approximates the exponential function e?.
Since the two-stage semi-implicit Runge-Kutta method (3) of order three

RG]
T Q)

has the polynomials P(z) and Q(z) of the same degree, then by the well known result of Birkhoff and
Varga (1965, e.g., [20, p. 237]), the method is A-stable.

Furthermore we see that a two-stage semi-implicit Runge-Kutta method of order three can not be L-
stable.?

Indeed, by the well known result of Ehle (1969, e.g., [20, p. 237]), the polynomial P(z) must have degree
equal to one. That is, condition

Unp,

ajas — (a1 + @) + % =0, (28)
or taking into account of formula (24), the condition
Qg — C1ag — Co + cabay = 0,
holds. By adding this last condition to (18) and (21), we have the nonlinear system

c1+co = 1
1

crag + ca(bar + o) = 3

2 2 _
c1af + cabor(ay + az) + 205 = ¢ (29)
c2b3 1
5+ caanfar = §
ajag — crag — cgan + c2bay = 0

—

This nonlinear system does not admit a solution.®

5Tn [5, Theor. 2] is proved that the order of an L-stable, g-stage semi-implicit Runge-Kutta method is at most gq.
6Indeed, setting = ;e and y = a1 + as, the third equation of (29) can be written as (27)
1 1

51/*9026:

10



4 A-stability and L-stability for three-stage semi-implicit Runge-
Kutta methods of order three
Let us consider the Rosenbrock procedure (3)—(4) when ¢ = 3, applied to the scalar equation (23)
o' (t) = Au(t).

Here, m = 1. We have,
Up41 = Un + hClKl + hCQKQ + thKg,

with A Aty + hboy K1) hAZ
Up Uy + hba1 Ky
K = —2dn . Ky = 2n TR (5 Lo — 0 ) /(1 — agh)):;
LT T ahn 2 1 — azh) ( + 211a1h)\>u /(1= azh)
At + hbs1 K1 + hbso Ko) A Ah A Ah
Ky = - 1+b b 1+ by — Y| w,,.
3 1= ashh T |~ T T Zamn T2 T o T T ) |
Set z = h\ we have
A A
Ky = n; Ky = 1+ (b21 — n;
! 1—a1zu 2 (1—alz)(1—agz)( (b1 — n)2)u

A b1z bsaz z
Kg = ].+ 31 —+ 32 1+b21 U
1— a3z l—a1z 1—oasz 1—a12

By easy calculations we obtain the following expression for K3

A [1 + (b31 + b3z — a1 — a2)z + (baa(ba1 — 1) — az(bs1 — 061))2’2] v
5 (1 —012)(1 — a22)(1 — azz) "

and then,

Upt1 z 2(1+ (ba1 — 1)2)
=1
Up +cll—alz +C2(1—()é12)(1—a22)
z [1 + (b31 + b32 — 1 — 012)2 + (bgg(bgl - Otl) - ag(bgl — ()41))22]
(1—a12)(1 —az2)(1 — azz) '

+Cg

The method can be written as
= R()

Un

where R(z) = P(z)/Q(z) with

Q(z) = (1-—a12)(1—a22)(1 —a3zz) (30)
= 1— (a1 + a4+ a3)z + (a1as + aras + asas)2® — ayasaszz®,
and by easy calculations
P(z) = 14 (c14+cates—a1—as—az)z+ oo+ ajasz + asas —ci(ag + ag)—

—02(a1 + ag — bgl) — 03(a1 + ag — b3 — bgz)] 22 + (31)

3
+ [7041042043 + C1 003 + Co1 3 + C301 0y — 02a3b21 — C3b310¢2 — 03632(11 + 63b32b21] z .

and the fifth equation of (29), written as (28), yields

1
T—y=—=.
Y 2
This two last equations in z and y produce the solution z = 1/6 and y = 2/3. Then we have the simple algebraic equation
in aq
2 yo 1 _ 2, 2 L
ai(; —a1)= -, —a ~a; — - =0,
N3 s 173% 76

that does not admit real solutions.

11



We observe that the polynomials P(z) and Q(z) has the same degree. Then, in order to have the A-
stability of the three-stage semi-implicit Runge-Kutta method of third order, we should have that the
stability function R(z) of the method approximates the exponential functions e* with an error of O(z%).
We must have that the following equality holds

2 3

z z
Piz)=(1+z+ > + F)Q(Z) (32)
The right hand side of (32) becomes
2,3
(1+z+ 5 + E)(l — (a1 + g+ a3)z + (a1as + aras + asas)2? — ajasasz®) =
1 2
=1l+(l-a1—as—a3)z+ (= +agas + ajaz + asaz — a; —ag — az)z” + (33)

2

1 1 s
+(6 — o3 + oqag + aras + asag — §(a1 + as + asz))z”.
In order that expression in (33) is equal to the one of P(z) in (31) we must have the following conditions

given by the coefficients of z and 22:
ci+co+c3=1, (34)

and
1

—c1(ag + ag) — ca(ar + ag — ba1) — cg(ar + ag — bz1 — bs2) = 5 a1 — g — g,

that, by adding —cja1 — caas — czas and keeping into account of (34), becomes
1
cron + ca(ag +ba1) + c3(as + b3y + b3z) = ok (35)

The formulae (34) and (35) are the first and the second formula of (20) and (22), that are two conditions
in order that the method has order three.
In order to equal the coefficients of 23 of (33) and (31) we must have

1

1
craoas3 + coa g + cgaap — coizbay — cabgian — c3bspary 4 c3bzabay = 6 §(O¢1 + s+ a3) +

‘oo + arasg + asas,
that is

1
—ca3ba1 — c3bzran — c3bzaary + c3bzaba = 6~ §(Oé1 +ag+as) +
+o10 + 3 + oz —

—C1020i3 — Co¥1 (X3 — C3(X1 (9.

Since (34), we have

—coazbar — c3bgrop — c3bsacvy + c3b3abay = 6 5(041 +as+az)+

+(aro + araz + asas)(cr + ¢ +c3) —

—C1020i3 — Ca(xj(x3 — C3(¥1 (g,

and then,

—caa3ba1 — c3bzran — c3bzaory + c3bzaby = (o + s+ a3) +

=
N

(36)

+croq (042 + 043) + 02052(041 + Otg) + 03043(041 + 012).

12



Let us consider the second equation of (20) and (22) or equation (35) that can be written

1
caba1 + c3(bs1 + b32) = 5 G101 — G — 30,

and multiplying each term for a; + a2 + a3, we have

caba1 (a1 + o + a3) + czbzi (o + ag + az) + c3bza(ar +az +a3) = %(041 +ag+az) —
—ciag(ag +as +az) — (37)
—coag(ag + ag + ag) —
—czaz(ag + ag + as).

Now, let us consider the third equation of (20) and (22)
1
c3bsabyy = 6 c3a b3y — czanbzg — c3azbay — czazan — cabor () + a) — c1at — caal — c3ai.
By adding the term —coa3ba; — c3anbsy — c3a1bse to both the members of the last equation, it becomes

—Ca03ba1 — c3ab31 — c3anbza + czbazbar = % — cabor (a1 + g + az) —
—c3bga(ay + ag) — e3bszi(ag + az) — (38)
—cgbo1ag — c3apaig — cla% — CQag — C3a§.
The right hand side of (38) can be written
1

5 cabar (o + g + ag) — cgbsa(ar + aa + a3) + c3bgaas — c3bsi (o + oo + ag) + c3bzias —

2 2 2
—cs3baraig — caoaz — c1a] — caay — c3ag,

and by (37), this last expression can be written as
1

1
6 — 5(0&1 + oo + 043) + 01041(041 + oo + 043) + 02052((11 + ao + 043) =+ 63053(041 + ao + 043) +

2 2 2
+c3bzaas + cgbgrag — c3baiaz — czana — cra] — e — c30i3,

that is equal to

1 1
6 5((11 + s + a3) + craq (a1 + a2) + cpan(ar + a3) + czas(ar + ag) +
+cgaz(bsg + b3r — by — ). (39)
Then, from (39), we have that (38), i.e., the third equation of (20) and (22), e3 = 1/6, is
1 1
—cgagbay — c3agbsy — cza bz + c3bagbar = 6 5(061 +oap +a3) +

+cron (a1 + a2) + caan(on + ag) +
tezaz(on + az) 4 czaz(bsa + b3y — bag — o),
and this is equivalent to equation (36), if and only if the condition
czaz(bsg + b31 — by — ) =0, (40)

holds.
Thus, in order that the three-stage semi-implicit Runge-Kutta method has order three and be A-stable,
the conditions (20) and (22) and (40) must be satisfied, i.e.,

(&1 + C2 + C3 = 1’
cron + ca(bar + a2) + c3(bs1 + bsa + a3) = 1/
c10f + cabor (e + az) + 203 + csbsron + csbsa(bar + a2) 4 303 + czaz(bar + 2) = 1/6;
C 2 C,
2020+ o001 + 5 (a1 + ba2)? + caas(Ba1 + Baz) = 1/6;
czag(bsa + b3y — bay — ) = 0.
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5 A three-stage semi-implicit Runge-Kutta method

5.1 Conditions for order three and for A-stability

When we consider the Rosenbrock procedure (3)—(4) with ¢ = 3, because of the expression of K1, Ko
and Kg

K1 = (I-ohJ(u,) " flu,);
Ky = (I —ashd(uy+hBor K1) ' fu, + hba K1);
K; = (I—oashd(u,+hBs1 K1+ Ba2K2)) ' fun + b1 Ky + hbga K»);

at each time step t,, we have to solve three linear systems where the coefficient matrix is the Jacobian
evaluated at three different points.

Hence, we may measure the computational efficiency of a method in terms of:

(i) number of Jacobian evaluations;

(ii) number of matrix factorizations;’

(iii) number of functional evaluations.

Then, it is desirable to develop methods which are computationally efficient and yet maintain maximum
accuracy.
We see a three-stage semi-implicit Runge-Kutta method of order three that requires only one Jacobian
evaluation and then, only one factorization matrix, and three functional evaluation at each time step t,.
As the Calahan’s formulae for two-stage semi-implicit Runge-Kutta methods, we consider a method ([4])
where

a =] = ay = as, B21 = P31 = P32 = 0.

In this case, the formulae (20) and (22) to have a method of order three, become

ctceteg = 1
1

cobor +c3(bs1 +b32) = 3%
1

c3bo1bzy = 6 —a? - 03042 - (Czbgl + 03(b31 + b32))0¢ — b21(62 + C3)Oé (41)
1 1
= 5~ (3 +balez ) —cza’;

b%l 1 9 1
027+03§(b31+b32) = 6

Furthermore, from the expression of P(z) in (31), we can write
P(z) = 14 (1-3a)z+ [3a® —c12a — c2(2a — bay) — c3(2a — bgy — bsa)] 2° +
+ [—Olg + a2 - CQO&le + 63b21b32 - 03a(b31 + bgz)] 23. (42)

Keeping into account the first and the second equation of (41), the coefficient of 22 in (42) becomes

1
302 — 3o+ =. 43
2

Keeping into account the second and the third equation of (41), the coefficient of 2% in (42) becomes

1
—a3 + (2 —c3)a® — (1 + bar(ca + c3))a + 6 (44)

TWe consider to solve the linear algebraic system, whose coefficient matrix is the Jacobian, by factorization methods as
Gaussian elimination method.
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From the second equation of (41), we can write
- 2
—acgby = —ytat acz(bz1 + bs2),
then, the expression (44) becomes

3 1
—a3 4302 — 50[ + 6 + csa(bs1 + bsa — ba1 — ).

If we require that the condition for the A-stability (40) holds, i.e.,
cza(bsg +bz1 — bay — ) =0,

then, the coefficient of 2% becomes

3 1
o 4+ 3a 2a+6.

This value for the coefficient of 2% can be also obtained if, in the expression (44), we require
2 — C3 = 3,
1—|—b21(02 —|—03) = 3/2

5.2 Computation of the coefficients

We compute the coefficients of the method in terms of the parameter «.
Let us consider the conditions (41) and (46):

C1 + C2 + C3 = 1,
1
caba1 + c3(bay +b32) = 3%

11 )
c3baibzy = 6~ (5 + ba1(c2 + ¢3)) o — c3a;

b%l 1 9 1

== —(b b = -

C2 9 +C32( 31 + D32) 6

2 — CcCy3 = 3,

1+b21(02 +Cg) = 3/2.
From the fifth equation of (47), we obtain
C3 = —1.

From the sixth equation of (47) and keeping into account of (48), we have
cobor = ! + ba1.
2
From the first equation of (47) and keeping into account of (48), we have
c1+co=2.
From the second equation of (47) and keeping into account of (48) and (49), we have

b31 + bza = ba1 + .

From the third equation of (47) and keeping into account of (48) and (49), we have
1 2
—b3obo1 = 6 —a+ .

Multiplying by 2 the fourth equation of (47) and keeping into account of (48) and (51), we have

1
b21 [Cgb21 — b21 — 201} = g + 012.

15
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From (53) and keeping into account of (49), we have

bar = (5 + %)/ (; — 20). (54

Then, from (49) and keeping into account of (54), we have

1 3 — 20
=14+ — =14+ -2 — 55
C2 + 2b21 2(%_’_&2) ( )
Then, from (50) and keeping into account of (55), we have
1 2a
=2—c=1—- 2", 56
¢l e 2T o7 (56)
Then, from (52) and keeping into account of (54), we have
I 320, 1
bag = — (—= —aX) =2 - —a?). 57
32 bgl( 6+a Oé) %+Oé2( 6+a Oé) ( )
and then, the value of b3y is obtained from (51) keeping into account of (54) and (57), i.e.,
—-a?+ta+1i 122 1
b3 = b — b3y = 23 _ |2 ——fa-a?)). 58
31 = ba1 + a — b32 [ <§+a2( s @ a®) (58)

5.3 Values of a for stability

In this subsection we determine the value of a to have an A-stable method of order three. Let us consider
the scalar problem (23), we write the semi-implicit Runge-Kutta method, with the coefficients determined
as in the previous subsection, as

Un41 = R(Z)Un,

and we want that the function R(z) is an A-acceptable (A-stable) approximation of the third order of e?,
ie.,

e* = R(2) + O(z*),

and |R(z)| <1 for R(z) < 0.
We have (see (42) with (43), (45) and see (30))

R(z) = P(z) 1+ (1-3a)z+ (3a® —3a+ 3)z2 + (—a® + 30 — Sa + §)2°
TTek (1 az)? |

It is straightforward to show that |R(z)| < 1 for R(z) = 0 and since |R(z)]| is analytic in R(z) < 0, it is
concluded that |R(z)| < 1 for R(z) < 0 due to the maximum modulus theorem (e.g., [3, §16.17]).

Set z = £ 4 in, we choose the values of «v in order to have R(in) strictly bounded in modulus by 1, i.e.,

IR(in)| < 1.
Then,
1+i(1—3a)n — (302 = 3a+ 5)n? +i(a® —3a® + 3a — &)n?
1 —i3an — 3a2n? + iadn3
[1—(30® —3a + 3)n’] +i[(1 — 3a)n + (o® — 3a® + Jor — §)n°]
(1 =3a’n?) —i(3an — a®n?) '
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Thus, we can obtain

R = [1—-(Ba?=3a+ 57’2 +[(1-3a)n+ (o —3a% + 3a — H)n’]?
T (1= 30272 + (3o — a¥)?

1 1
= 1 2 2 4 2 3 _ 2 T\ 4
15 3027 1 301 1 abrp [ +3a”n” + (3a* + 2a° — 30” + 12)7] + (59)

3 1
3 2 2,6
_3 — & — = .
+(a a—|—2a 6)77}

For ae = 1 we have |R(in)| < 1 then, R(z) is an A-acceptable approximation of e*.
Thus, from (48) and (54)—(58), a three-stage semi-implicit Runge-Kutta method of order three and A-
stable is given by the coefficients

o = ].7 b21 = —8/9, b31 = —1]./].447 b32 = 3/16,
¢ =7/16; ca = 25/16; cg = —1.

Now, we require that R(z) is a third order, L-acceptable (L-stable) approximation of e*. Then, we
have to choose the parameter « in such a way that the coefficient of 23 of P(z) is equal to zero.
From (45) we should have for positive values of «

3 1
— 3 — 2 — —_ ) =
(o® — 30" + 5 6) 0. (60)
Formula (60) is the condition for the L-stability of the method.
This last equation can be written in the form

1 3/1\° 1/1\°
3
A 1-3=+2(=) == (=) | =0
“ ( o * 2 (a) 6 (a) )
Since L3(x) = 1 — 3z + 3/22? — 1/623 is the Laguerre orthogonal polynomial of third degree (e.g., see
[17, p. 39]), we have to choose the parameter « equal to the reciprocal of a zero of this polynomial.
Among the three zeros of the Laguerre polynomial Lz(z) we choose the one such that the condition

|R(in)| < 1 is satisfied.
From formula (59) we have

2 _ 14 3a%n? + (3a* 4+ 203 — 302 + a— L)nt + (0® —3a% + 3o — 1)%n°

R(i 6
| R(in)| 1+ 3a2n2 + 3ant + abnb

If 1/ is a zero of Laguerre polynomial, then the coefficient of 7% of the numerator is equal to zero.
In order that |R(in)|> < 1, the coefficient of n* of the numerator should be less than the one of the
denominator; that is

1
3a4+2a3—3a2+a—ﬁ<3a4,

or,

1
2&373a2+a75<0. (61)

Since the L-stability condition (60) holds, we have

3 1

3 2
=3 ——a+ —-.
(0% (0% 20{ 6

By replacing the value of a® of the last formula in (61), we have

3 1 1
2 2_ Y i 2 =
(3 2a+6) 3a” + «a B <0,
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that is
5 1
3a” —2a + 1 < 0.

This last inequality is satisfied for values of « in the interval (1/6,1/2).
The roots of Laguerre polynomial of third degree L3(z) are

r1 = 0.415774... To = 2.294280... T3 = 6.289945

Then, the value for « is

1
a=— = 0.4358665216...
€2

Thus, from (48) and (54)—(58), a three-stage semi-implicit Runge-Kutta method of order three and L-
stable is given by the coefficients:

1 1
a = 0.4358665216; bo1 = (5 +?) /(5 — 20);

3 2
1 1-1-71 2
c3=—1; cg= ;e =2—cy;
3 ; 2 T 1 2
11 ,
bz = —(—= +a—a’); b1 = bo1 + a — baa.

5.4 A fourth order semi-implicit method of Bui

We include, here, a subsection where we recall a forth order, four-stage semi-implicit Runge-Kutta method
presented in the papers [4] and [6] (see also [5]), where the coefficients are deduced as in the previous
subsections for the three-stage semi-implicit Runge-Kutta method.

The method is defined by the following set of parameters:

o = 0.5728160625; ba1 = —0.5;

bs1 = —0.1012236115; bsa = 0.9762236115;

b1 = —0.3922096763; bsp = 0.7151140251; by = 0.1430371625;

c1 = 0.9451564786; co = 0.341323172; c3 = 0.5655139575; ¢y = —0.8519936081.
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6 Some other semi-implicit Runge-Kutta method

The g—stage semi-implicit Runge-Kutta formulae (3)—(4) compute the solution towards the solution of ¢
linear systems (each of order m) while the (fully) implicit Runge-Kutta methods® need the solution of ¢
nonlinear systems (each of order m). Thus the semi-implicit Runge-Kutta methods are linearly implicit.
The methods that avoid the solution of nonlinear systems and replace a sequence of linear systems are
referred as linearly implicit Runge-Kutta methods:? the diagonally implicit Runge-Kutta (DIRK) methods
(e.g., [11, p. 261]),'0 the singly-implicit Runge-Kutta (SIRK) methods ([7], [9], see e.g., [11, p. 266])
implemented in the software STRIDE ([8]), and the DESIRE methods ([12]) belong to this category of
methods. These methods are referred in [11] as implementable implicit Runge-Kutta methods.
Furthermore, the Rosenbrock formulae can be considered as a multiderivative method (e.g., [11, p. 90])
or as a replacing of Newton iteration for the solution of the nonlinear systems arising when we apply an
implicit Runge-Kutta method (e.g., [11, p. 120]).

We see also report that in [18, Chapt. 9] and in [19, Chapt IV.7], the Rosenbrock formulae are defined
as follows:

q
Up+1 :un+hZCjKj; (62)
j=1
and K ; has the expression
Jj—1 J
Kj=f(un+hY biK:)+hJ(u) Y viKi  j=1,...q (63)
i=1 i=1

These formulae are equal to (3)—(4) when v;; =0,i=1,...,j—1and j=1,...¢ (vj; = ¢j) and §;; =0,
i=1,..,j—1land j=1,..q.

It is worthwhile to mention that codes implementing Rosenbrock formulae (62)-(63) are RODAS, RO-
DAS5 and ROS4 (see [19, p. 143]) and RODAS3 and ROS3 ([29]).

In the following, we recall the formulae of two semi-implicit Runge-Kutta methods of order three which
are A-stable and L-stable.

6.1 Method of Caillaud and Padmanabhan
In [13], the authors consider the three-stage Runge-Kutta method

3
Up4+1 = Up + hZCjKja
j=1
where the terms K;, i = 1, ..., 3, are formulated as follows

K, = (I—-ahJ(u,))  flu,);

8The implicit Runge-Kutta methods are defined by formula (3) where the terms K, j = 1,...,q, have the form (e.g.
[10, §34])

q
K; = f(un +hzbjiKi)a

i=1

9Farlier names for methods in this general class are the semi-explicit methods ([22]) or semi-implicit Runge-Kutta
methods ([15]). There is a wide literature on these methods (see, e.g. [10]), even engineering literature and especially
chemical engineering since the Sixties (e.g., [2], [13], [16], [25], [27]). A recent paper on semi-implicit Runge-Kutta methods
for chemical kinetics differential systems is, e.g., [28].

10The DIRK methods are defined by formula (3) where the terms K;, j=1,...,q, have the form

J
Kj=f(un+h) bjiKi),
i1

We can easily observe that the Rosenbrock method (3)—(4) can be considered as a linearization of the diagonally implicit
procedure. The DIRK methods do not require equal coefficient b;;; the methods where the coefficients b;; are equal are
called singly diagonally implicit Runge-Kutta (SDIRK) methods.
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Ky, = (I—ahd(u,))  f(u, +hba K1);
K3z = (I-ahJ(u,)) ' J(u,)(hbsi K + hbza Ko).

By proceeding as in Section 2 or as in [13], this method has order 3 if the following conditions are satisfied

ci+co = 1;

1

Cla+02(b21 +OZ) +Cg(b31 +b32) = 5,

1

cia? + ca(2abe1 + a2) + c3(20u(b31 + b3a) + bzabo1) = 6;
b3, 1

027 = 6

This method is referred in [13] as ISI3.
If we choose the parameter « as the inverse of the root of the Laguerre orthogonal polynomial of third
degree x5 = 2.2942803597, i.e.,

a = 0.4358665216

and the coefficients!!

4.1 1

3
boy = —: bsg = —(= 2 _a): b1 = — — o — b3o:
21 = 75 32 3(64—0& a); 31 = 1% a — 032;
ey 16 _,
C] - 27’ 02 - 27’ C3 - N

it can be shown following the previous sections that the method (referred in [13] as ISI3(—o00)) is A-stable
and L-stable (see also [21] for L-stability).

6.2 A third order semi-implicit method of Bui

An A-stable and L-stable, third order, three-stage semi-implicit Runge-Kutta method has been introduced
by Bui in [5], where the coefficients have the following expression:

a = 0.4358665216; bo1 = —0.5096436824;
bs1 = 0.3270258661; b3y = 0.3108847731;
c1 =0; co = 0.5; c3 = 0.5.

This method has been investigated by Alexander ([1]) as a DIRK method.

1 The authors considered ¢z = 1 and added the equation cgbg1 = 1/4 obtained in such a way that the term of h*f(w)
vanishes.
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